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Definition (Contractive Sequences). We say that a sequence (xn) of real numbers is
contractive if there exists a constant C, 0 < C < 1, such that

|xn+2 − xn+1| ≤ C|xn+1 − xn| for all n ∈ N. (#)

The number C is called the constant of the contractive sequence.

Remark. Do not confuse (#) with the following condition:

|xn+2 − xn+1| < |xn+1 − xn| for all n ∈ N. (##)

For example, (
√
n) satisfies (##) but it is not contractive.

Theorem. Every contractive sequence is a Cauchy sequence, and therefore is convergent.

Example 1. (Sequence of Fibonacci Fractions) Consider the Fibonacci fractions xn :=
fn/fn+1, where (fn) is the Fibonacci sequence defined by f1 = f2 = 1 and fn+2 :=
fn+1 + fn, n ∈ N. Show that the sequence (xn) converges to 1/ϕ, where ϕ := (1 +

√
5)/2

is the Golden Ratio.

Example 2. Show that if (xn) is unbounded, then there exists a subsequence (xnk
) such

that lim(1/xnk
) = 0.

Solution . As (xn) is unbounded, we have ∀M > 0, ∃n ∈ N such that |xn| > M .

Pick n1 ∈ N such that |xn1 | > 1.
Then pick n2 ∈ N such that |xn2| > max{2, |x1|, |x2|, . . . , |xn1|}. So |1/xn2| < 1/2 and
n2 > n1.
Suppose n1 < n2 < · · · < nk are chosen. Pick nk+1 ∈ N such that |xnk+1

| > max{k +
1, |x1|, |x2|, . . . , |xnk

|}. So |1/xnk+1
| < 1/(k + 1) and nk+1 > nk.

Continue in this way, we obtain a subsequence (xnk
) of (xn) such that

|1/xnk
| < 1/k for all k ∈ N.

Now lim(1/xnk
) = 0 follows immediately from Squeeze Theorem.
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1. Let xn :=
√
n. Show that (xn) satisfies lim |xn+1 − xn| = 0, but that it is not a

Cauchy sequence by definition.

Solution . Clearly, lim |xn+1 − xn| = lim |
√
n + 1−

√
n| = lim

(
1√

n+1+
√
n

)
= 0.

Take ε0 =
√

2− 1 > 0. Then for any n ∈ N,

|x2n − xn| = |
√

2n−
√
n| = (

√
2− 1)

√
n ≥ ε0.

Hence (xn) is not Cauchy. J

2. Let (xn) be a sequence of real numbers defined byx1 = 1, x2 = 2,

xn+2 :=
1

3
(2xn+1 + xn) for all n ∈ N.

Show that (xn) is convergent and find its limit.

Solution . Note that

xn+2 − xn+1 =
1

3
(2xn+1 + xn)− xn+1 = −1

3
(xn+1 − xn).

In particular,

|xn+2 − xn+1| =
1

3
|xn+1 − xn| for n ∈ N,

so (xn) is contractive, hence convergent. As

xn+2 − xn+1 = −1

3
(xn+1 − xn) = · · · = (−1

3
)n(x2 − x1) = (−1

3
)n.

we have

n∑
k=0

(xk+2 − xk+1) =
n∑

k=0

(−1

3
)k

xn+2 − x1 =
1− (−1

3
)n+1

1− (−1
3
)

.

Hence lim(xn) = lim
(
1 + 3

4
(1− (−1

3
)n+1)

)
= 7

4
. J


